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Abstract. In terms of Cauchy’s method, we establish two trans-
formation formulas between a unilateral q-series and three bilateral
q-series. Then they are used to derive the nonterminating general-
izations of four known summation formulas for bilateral q-series.
1. Introduction
For two complex numbers q and x, define the q-shifted factorial by
(x; q)n =


∏n−1
i=0 (1− xqi), when n > 0;
1, when n = 0;
1∏
−1
j=n
(1−xqj)
, when n < 0.
When |q| < 1, the q-shifted factorial of infinite order reads as
(x; q)∞ =
∞∏
k=0
(1− xqk).
For simplifying the expressions, we shall use the following compact notations:[
a, b, · · · , c
α, β, · · · , γ
∣∣∣ q]
n
=
(a; q)n(b; q)n · · · (c; q)n
(α; q)n(β; q)n · · · (γ; q)n ,[
a, b, · · · , c
α, β, · · · , γ
∣∣∣ q]
∞
=
(a; q)∞(b; q)∞ · · · (c; q)∞
(α; q)∞(β; q)∞ · · · (γ; q)∞ .
Following Gasper and Rahman [8], define respectively the unilateral q-series and
bilateral q-series by
1+rφs
[
a0, a1, · · · , ar
b1, · · · , bs
∣∣∣ q; z] = ∞∑
k=0
[
a0, a1, · · · , ar
q, b1, · · · , bs
∣∣∣ q]
k
{
(−1)kq(k2)
}s−r
zk,
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rψs
[
a1, · · · , ar
b1, · · · , bs
∣∣∣ q; z] = ∞∑
k=−∞
[
a1, · · · , ar
b1, · · · , bs
∣∣∣ q]
k
{
(−1)kq(k2)
}s−r
zk.
Then two nice 3ψ3-series identities due to Bailey [1, Equations (2.2) and (2.3)] can
be stated as follows:
3ψ3
[
b, c, d
q/b, q/c, q/d
∣∣∣ q; q
bcd
]
=
[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣ q]
∞
, (1)
3ψ3
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣ q; q2
bcd
]
=
[
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣ q]
∞
, (2)
where the convergent conditions for (1) and (2) are |q/bcd| < 1 and |q2/bcd| < 1
respectively. The finite forms of them read as
5ψ5
[
b, c, d, qn+1/bcd, q−n
q/b, q/c, q/d, bcd/qn, qn+1
∣∣∣ q; q]
=
[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣ q]
n
, (3)
5ψ5
[
b, c, d, qn+3/bcd, q−n
q2/b, q2/c, q2/d, bcd/qn+1, qn+2
∣∣∣ q; q]
=
[
q2, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣ q]
n
(1− q), (4)
where (3) and (4) are due to Jackson [4, Equation (1)] and Bailey [1, Equation
(3.2)] respectively.
Recently, Cauchy’s method has been utilized to study the bilateral q-series in [2],
[5]-[7] and [10]-[12]. Inspired by these work, we shall found two transformation
formulas between a unilateral q-series and three bilateral q-series in the same way.
Then they are used to deduce the nonterminating generalizations of (1)-(4).
2. Nonterminating generalizations of four summation formulas
for bilateral q-series
Theorem 1. For u = q/cde and q2 = bcdefgh, there holds the transformation
formula between a unilateral q-series and three bilateral q-series:
7ψ7
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q; q]
+
[
q, b, c, d, e, f, g, h, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
b2q, 1/b, q/c, q/d, q/e, q/f, q/g, q/h, bc, bd, be, bf, bg, bh
∣∣∣ q]
∞
× 8φ7
[
b2,−qb, bc, bd, be, bf, bg, bh
−b, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
=
[
q, b, uq/f, uq/g, uq/h, bf/u, bg/u, bh/u
uq, b/u, q/f, q/g, q/h, bf, bg, bh
∣∣∣ q]
∞
× 10φ9
[
u, q
√
u,−q√u, b, uc, ud, ue, f, g, h√
u,−√u, uq/b, q/c, q/d, q/e, uq/f, uq/g, uq/h
∣∣∣ q; q]
+
[
q, b, f, g, h, bq/f, bq/g, bq/h, uc, ud, ue, bq/uc, bq/ud, bq/ue
b2q/u, u/b, q/c, q/d, q/e, q/f, q/g, q/h, bc, bd, be, bf, bg, bh
∣∣∣ q]
∞
× 10φ9
[
b2/u, qb/
√
u,−qb/√u, b, bc, bd, be, bf/u, bg/u, bh/u
b/
√
u,−b/√u, bq/u, bq/uc, bq/ud, bq/ue, bq/f, bq/g, bq/h
∣∣∣ q; q] .
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Proof. Recall Bailey’s four-term transformation formula (cf. [8, p. 57]):
10φ9
[
a, q
√
a,−q√a, b, c, d, e, f, g, h√
a,−√a, aq/b, aq/c, aq/d, aq/e, aq/f, aq/g, aq/h
∣∣∣ q; q]
+
[
aq,b/a,c,d,e,f,g,h,bq/c,bq/d,bq/e,bq/f,bq/g,bq/h
b2q/a,a/b,aq/c,aq/d,aq/e,aq/f,aq/g,aq/h,bc/a,bd/a,be/a,bf/a,bg/a,bh/a
∣∣∣ q]
∞
× 10φ9
[
b2/a, qb/
√
a,−qb/√a, b, bc/a, bd/a, be/a, bf/a, bg/a, bh/a
b/
√
a,−b/√a, bq/a, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
=
[
aq, b/a, λq/f, λq/g, λq/h, bf/λ, bg/λ, bh/λ
λq, b/λ, aq/f, aq/g, aq/h, bf/a, bg/a, bh/a
∣∣∣ q]
∞
× 10φ9
[
λ, q
√
λ,−q
√
λ, b, λc/a, λd/a, λe/a, f, g, h√
λ,−√λ, λq/b, aq/c, aq/d, aq/e, λq/f, λq/g, λq/h
∣∣∣ q; q]
+
[
aq,b/a,f,g,h,bq/f,bq/g,bq/h,λc/a,λd/a,λe/a,abq/λc,abq/λd,abq/λe
b2q/λ,λ/b,aq/c,aq/d,aq/e,aq/f,aq/g,aq/h,bc/a,bd/a,be/a,bf/a,bg/a,bh/a
∣∣∣ q]
∞
× 10φ9
[
b2/λ, qb/
√
λ,−qb/
√
λ, b, bc/a, bd/a, be/a, bf/λ, bg/λ, bh/λ
b/
√
λ,−b/
√
λ, bq/λ, abq/λc, abq/λd, abq/λe, bq/f, bq/g, bq/h
∣∣∣ q; q] (5)
where λ = qa2/cde and q2a3 = bcdefgh. The limiting case a → 1 of (5) leads to
the following equation:
{
1 +
∞∑
k=1
{1 + qk}
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
qk
}
+
[
q, b, c, d, e, f, g, h, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
b2q, 1/b, q/c, q/d, q/e, q/f, q/g, q/h, bc, bd, be, bf, bg, bh
∣∣∣ q]
∞
× 8φ7
[
b2,−qb, bc, bd, be, bf, bg, bh
−b, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
=
[
q, b, uq/f, uq/g, uq/h, bf/u, bg/u, bh/u
uq, b/u, q/f, q/g, q/h, bf, bg, bh
∣∣∣ q]
∞
× 10φ9
[
u, q
√
u,−q√u, b, uc, ud, ue, f, g, h√
u,−√u, uq/b, q/c, q/d, q/e, uq/f, uq/g, uq/h
∣∣∣ q; q]
+
[
q, b, f, g, h, bq/f, bq/g, bq/h, uc, ud, ue, bq/uc, bq/ud, bq/ue
b2q/u, u/b, q/c, q/d, q/e, q/f, q/g, q/h, bc, bd, be, bf, bg, bh
∣∣∣ q]
∞
× 10φ9
[
b2/u, qb/
√
u,−qb/√u, b, bc, bd, be, bf/u, bg/u, bh/u
b/
√
u,−b/√u, bq/u, bq/uc, bq/ud, bq/ue, bq/f, bq/g, bq/h
∣∣∣ q; q] ,
where u = q/cde and q2 = bcdefgh. The first term on the left hand side can be
reformulated as
1 +
∞∑
k=1
{1 + qk}
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
qk
= 1 +
∞∑
k=1
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
qk
+
∞∑
k=1
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
q2k
4 Chuanan Wei, Qinglun Yan, Dianxuan Gong
= 1 +
∞∑
k=1
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
qk
+
−1∑
k=−∞
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
−k
q−2k
= 1 +
∞∑
k=1
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
qk
+
−1∑
k=−∞
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q]
k
qk
= 7ψ7
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q; q] .
Therefore, we obtain Theorem 1 to complete the proof. 
Taking b = qn+2/cdefg, h = q−n in Theorem 1 and then letting n→∞, we get the
following result under the replacements e→ b and g → e.
Corollary 2. For µ = q/bcd and max{ |q2/bcdef |, |q/ef |} < 1, there holds the
transformation formula between a 5ψ5-series and a 8φ7-series:
5ψ5
[
b, c, d, e, f
q/b, q/c, q/d, q/e, q/f
∣∣∣ q; q2
bcdef
]
=
[
q, q/ef, µq/e, µq/f
q/e, q/f, µq/ef, µq
∣∣∣ q]
∞
× 8φ7
[
µ, q
√
µ,−q√µ, µb, µc, µd, e, f√
µ,−√µ, q/b, q/c, q/d, µq/e, µq/f
∣∣∣ q; q
ef
]
.
When c = q/d, Corollary 2 reduces to (1) under the substitutions e→ c and f → d.
Setting c = q/d in Theorem 1, we attain the following result under the replacements
g → c and h→ d.
Corollary 3. For q = bcdef , there holds the transformation formula between a
5ψ5-series and a 6φ5-series:
5ψ5
[
b, c, d, e, f
q/b, q/c, q/d, q/e, q/f
∣∣∣ q; q] = 6φ5
[
b2,−qb, bc, bd, be, bf
−b, bq/c, bq/d, bq/e, bq/f
∣∣∣ q; q]
× b
[
q, bq, c, d, e, f, bq/c, bq/d, bq/e, bq/f
b2q, q/b, q/c, q/d, q/e, q/f, bc, bd, be, bf
∣∣∣ q]
∞
+
[
q, b, q/cd, q/ce, q/cf, q/de, q/df, q/ef
q/c, q/d, q/e, q/f, bc, bd, be, bf
∣∣∣ q]
∞
.
When e = qn+1/bcd and f = q−n, Corollary 3 reduces to (3) exactly.
Theorem 4. For v = q3/cde and q5 = bcdefgh, there holds the transformation
formula between a unilateral q-series and three bilateral q-series:
7ψ7
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q; q]
+
[
q,b/q,c,d,e,f,g,h,bq/c,bq/d,bq/e,bq/f,bq/g,bq/h
b2,q/b,q2/c,q2/d,q2/e,q2/f,q2/g,q2/h,bc/q,bd/q,be/q,bf/q,bg/q,bh/q
∣∣∣ q]
∞
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× 9φ8
[
b2/q, b
√
q,−b√q, bc/q, bd/q, be/q, bf/q, bg/q, bh/q
b/
√
q,−b/√q, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
=
[
q, b/q, vq/f, vq/g, vq/h, bf/v, bg/v, bh/v
vq, b/v, q2/f, q2/g, q2/h, bf/q, bg/q, bh/q
∣∣∣ q]
∞
× 10φ9
[
v, q
√
v,−q√v, b, vc/q, vd/q, ve/q, f, g, h√
v,−√v, vq/b, q2/c, q2/d, q2/e, vq/f, vq/g, vq/h
∣∣∣ q; q]
+
[
q,b/q,f,g,h,bq/f,bq/g,bq/h,vc/q,vd/q,ve/q,bq2/vc,bq2/vd,bq2/ve
b2q/v,v/b,q2/c,q2/d,q2/e,q2/f,q2/g,q2/h,bc/q,bd/q,be/q,bf/q,bg/q,bh/q
∣∣∣ q]
∞
× 10φ9
[
b2/v, qb/
√
v,−qb/√v, b, bc/q, bd/q, be/q, bf/v, bg/v, bh/v
b/
√
v,−b/√v, bq/v, bq2/vc, bq2/vd, bq2/ve, bq/f, bq/g, bq/h
∣∣∣ q; q] .
Proof. The limiting case a→ q of (5) leads to the following equation:
∞∑
k=0
{1− q1+2k}
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
qk
+
[
q,b/q,c,d,e,f,g,h,bq/c,bq/d,bq/e,bq/f,bq/g,bq/h
b2,q/b,q2/c,q2/d,q2/e,q2/f,q2/g,q2/h,bc/q,bd/q,be/q,bf/q,bg/q,bh/q
∣∣∣ q]
∞
× 9φ8
[
b2/q, b
√
q,−b√q, bc/q, bd/q, be/q, bf/q, bg/q, bh/q
b/
√
q,−b/√q, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
=
[
q, b/q, vq/f, vq/g, vq/h, bf/v, bg/v, bh/v
vq, b/v, q2/f, q2/g, q2/h, bf/q, bg/q, bh/q
∣∣∣ q]
∞
× 10φ9
[
v, q
√
v,−q√v, b, vc/q, vd/q, ve/q, f, g, h√
v,−√v, vq/b, q2/c, q2/d, q2/e, vq/f, vq/g, vq/h
∣∣∣ q; q]
+
[
q,b/q,f,g,h,bq/f,bq/g,bq/h,vc/q,vd/q,ve/q,bq2/vc,bq2/vd,bq2/ve
b2q/v,v/b,q2/c,q2/d,q2/e,q2/f,q2/g,q2/h,bc/q,bd/q,be/q,bf/q,bg/q,bh/q
∣∣∣ q]
∞
× 10φ9
[
b2/v, qb/
√
v,−qb/√v, b, bc/q, bd/q, be/q, bf/v, bg/v, bh/v
b/
√
v,−b/√v, bq/v, bq2/vc, bq2/vd, bq2/ve, bq/f, bq/g, bq/h
∣∣∣ q; q] ,
where v = q3/cde and q5 = bcdefgh. The first term on the left hand side can be
manipulated as
∞∑
k=0
{1− q1+2k}
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
qk
=
∞∑
k=0
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
qk
−
∞∑
k=0
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
q3k+1
=
∞∑
k=0
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
qk
−
−1∑
k=−∞
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
−k−1
q−3k−2
=
∞∑
k=0
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
qk
+
−1∑
k=−∞
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q]
k
qk
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= 7ψ7
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q; q] .
Hence, we achieve Theorem 4 to finish the proof. 
Taking b = qn+5/cdefg, h = q−n in Theorem 4 and then letting n→∞, we obtain
the following result under the substitutions e→ b and g → e.
Corollary 5. For ϑ = q3/bcd and max{ |q4/bcdef |, |q2/ef |} < 1, there holds the
transformation formula between a 5ψ5-series and a 8φ7-series:
5ψ5
[
b, c, d, e, f
q2/b, q2/c, q2/d, q2/e, q2/f
∣∣∣ q; q4
bcdef
]
=
[
q, q2/ef, ϑq/e, ϑq/f
q2/e, q2/f, ϑq/ef, ϑq
∣∣∣ q]
∞
× 8φ7
[
ϑ, q
√
ϑ,−q
√
ϑ, ϑb/q, ϑc/q, ϑd/q, e, f√
ϑ,−
√
ϑ, q2/b, q2/c, q2/d, ϑq/e, ϑq/f
∣∣∣ q; q2
ef
]
.
When c = q2/d, Corollary 5 reduces to (2) under the replacements e → c and
f → d.
Setting c = q2/d in Theorem 4, we get the following result under the substitutions
g → c and h→ d.
Corollary 6. For q3 = bcdef , there holds the transformation formula between a
5ψ5-series and a 7φ6-series:
5ψ5
[
b, c, d, e, f
q2/b, q2/c, q2/d, q2/e, q2/f
∣∣∣ q; q]
=
b
q
[
q, b, c, d, e, f, bq/c, bq/d, bq/e, bq/f
b2, q2/b, q2/c, q2/d, q2/e, q2/f, bc/q, bd/q, be/q, bf/q
∣∣∣ q]
∞
× 7φ6
[
b2/q, b
√
q,−b√q, bc/q, bd/q, be/q, bf/q
b/
√
q,−b/√q, bq/c, bq/d, bq/e, bq/f
∣∣∣ q; q]
+
[
q, b/q, q2/cd, q2/ce, q2/cf, q2/de, q2/df, q2/ef
q2/c, q2/d, q2/e, q2/f, bc/q, bd/q, be/q, bf/q
∣∣∣ q]
∞
.
When e = qn+3/bcd and f = q−n, Corollary 6 reduces to (4) exactly.
3. Several related formulas
Two 3ψ3-series identities, which are respectively due to Bailey [1, Equation 1.2] and
Chu and Wang [3, p. 3891], can be expressed as follows:
3ψ3
[
b, c, d
q/b, q/c, q/d
∣∣∣ q; q2
bcd
]
=
[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣ q]
∞
, (6)
3ψ3
[
b, c, d
q2/b, q2/c, q2/d
∣∣∣ q; q4
bcd
]
=
−1
q
[
q, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣ q]
∞
, (7)
where the convergent conditions for (6) and (7) are |q/bcd| < 1 and |q2/bcd| < 1
respectively. The finite forms of them read as
5ψ5
[
b, c, d, qn+1/bcd, q−n
q/b, q/c, q/d, bcd/qn, qn+1
∣∣∣ q; q2]
=
[
q, q/bc, q/bd, q/cd
q/b, q/c, q/d, q/bcd
∣∣∣ q]
n
, (8)
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5ψ5
[
b, c, d, qn+3/bcd, q−n
q2/b, q2/c, q2/d, bcd/qn+1, qn+2
∣∣∣ q; q3]
=
[
q2, q2/bc, q2/bd, q2/cd
q2/b, q2/c, q2/d, q2/bcd
∣∣∣ q]
n
q − 1
q
, (9)
where (8) and (9) are due to Verma and Joshi [9, Equation 3.8] and Chu and Wang
[3, Equation 2.8] respectively.
Let k stand for the summation index of the bilateral q-series in (1), (2), (3) and
(4). Then there hold the following equivalent relations:
k → −k, (1)⇒ (6);
k → −k − 1, (2)⇒ (7);
k → −k, (3)⇒ (8);
k → −k − 1, (4)⇒ (9).
Performing the replacement k → −k in Theorem 1, where k is the summation index
of the 7ψ7-series, we attain the equivalent form of Theorem 1.
Proposition 7. For u = q/cde and q2 = bcdefgh, there holds the transformation
formula between a unilateral q-series and three bilateral q-series:
7ψ7
[
b, c, d, e, f, g, h
q/b, q/c, q/d, q/e, q/f, q/g, q/h
∣∣∣ q; q2]
+
[
q, b, c, d, e, f, g, h, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
b2q, 1/b, q/c, q/d, q/e, q/f, q/g, q/h, bc, bd, be, bf, bg, bh
∣∣∣ q]
∞
× 8φ7
[
b2,−qb, bc, bd, be, bf, bg, bh
−b, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
=
[
q, b, uq/f, uq/g, uq/h, bf/u, bg/u, bh/u
uq, b/u, q/f, q/g, q/h, bf, bg, bh
∣∣∣ q]
∞
× 10φ9
[
u, q
√
u,−q√u, b, uc, ud, ue, f, g, h√
u,−√u, uq/b, q/c, q/d, q/e, uq/f, uq/g, uq/h
∣∣∣ q; q]
+
[
q, b, f, g, h, bq/f, bq/g, bq/h, uc, ud, ue, bq/uc, bq/ud, bq/ue
b2q/u, u/b, q/c, q/d, q/e, q/f, q/g, q/h, bc, bd, be, bf, bg, bh
∣∣∣ q]
∞
× 10φ9
[
b2/u, qb/
√
u,−qb/√u, b, bc, bd, be, bf/u, bg/u, bh/u
b/
√
u,−b/√u, bq/u, bq/uc, bq/ud, bq/ue, bq/f, bq/g, bq/h
∣∣∣ q; q] .
Taking b = qn+2/cdefg, h = q−n in Proposition 7 and then letting n → ∞, we
achieve the following result under the substitutions e→ b and g → e.
Corollary 8. For µ = q/bcd and max{ |q2/bcdef |, |q/ef |} < 1, there holds the
transformation formula between a 5ψ5-series and a 8φ7-series:
5ψ5
[
b, c, d, e, f
q/b, q/c, q/d, q/e, q/f
∣∣∣ q; q3
bcdef
]
=
[
q, q/ef, µq/e, µq/f
q/e, q/f, µq/ef, µq
∣∣∣ q]
∞
× 8φ7
[
µ, q
√
µ,−q√µ, µb, µc, µd, e, f√
µ,−√µ, q/b, q/c, q/d, µq/e, µq/f
∣∣∣ q; q
ef
]
.
When c = q/d, Corollary 8 reduces to (6) under the replacements e→ c and f → d.
Setting c = q/d in Proposition 7, we obtain the following result under the substi-
tutions g → c and h→ d.
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Corollary 9. For q = bcdef , there holds the transformation formula between a
5ψ5-series and a 6φ5-series:
5ψ5
[
b, c, d, e, f
q/b, q/c, q/d, q/e, q/f
∣∣∣ q; q2] = 6φ5
[
b2,−qb, bc, bd, be, bf
−b, bq/c, bq/d, bq/e, bq/f
∣∣∣ q; q]
× b
[
q, bq, c, d, e, f, bq/c, bq/d, bq/e, bq/f
b2q, q/b, q/c, q/d, q/e, q/f, bc, bd, be, bf
∣∣∣ q]
∞
+
[
q, b, q/cd, q/ce, q/cf, q/de, q/df, q/ef
q/c, q/d, q/e, q/f, bc, bd, be, bf
∣∣∣ q]
∞
.
When e = qn+1/bcd and f = q−n, Corollary 9 reduces to (8) exactly.
Employing the replacement k → −k − 1 in Theorem 4, where k is the summation
index of the 7ψ7-series, we get the equivalent form of Theorem 4.
Proposition 10. For v = q3/cde and q5 = bcdefgh, there holds the transformation
formula between a unilateral q-series and three bilateral q-series:
7ψ7
[
b, c, d, e, f, g, h
q2/b, q2/c, q2/d, q2/e, q2/f, q2/g, q2/h
∣∣∣ q; q3]
+
b
q2
[
q,b,c,d,e,f,g,h,bq/c,bq/d,bq/e,bq/f,bq/g,bq/h
b2,q2/b,q2/c,q2/d,q2/e,q2/f,q2/g,q2/h,bc/q,bd/q,be/q,bf/q,bg/q,bh/q
∣∣∣ q]
∞
× 9φ8
[
b2/q, b
√
q,−b√q, bc/q, bd/q, be/q, bf/q, bg/q, bh/q
b/
√
q,−b/√q, bq/c, bq/d, bq/e, bq/f, bq/g, bq/h
∣∣∣ q; q]
+
1
q
[
q, b/q, vq/f, vq/g, vq/h, bf/v, bg/v, bh/v
vq, b/v, q2/f, q2/g, q2/h, bf/q, bg/q, bh/q
∣∣∣ q]
∞
× 10φ9
[
v, q
√
v,−q√v, b, vc/q, vd/q, ve/q, f, g, h√
v,−√v, vq/b, q2/c, q2/d, q2/e, vq/f, vq/g, vq/h
∣∣∣ q; q]
+
1
q
[
q,b/q,f,g,h,bq/f,bq/g,bq/h,vc/q,vd/q,ve/q,bq2/vc,bq2/vd,bq2/ve
b2q/v,v/b,q2/c,q2/d,q2/e,q2/f,q2/g,q2/h,bc/q,bd/q,be/q,bf/q,bg/q,bh/q
∣∣∣ q]
∞
× 10φ9
[
b2/v, qb/
√
v,−qb/√v, b, bc/q, bd/q, be/q, bf/v, bg/v, bh/v
b/
√
v,−b/√v, bq/v, bq2/vc, bq2/vd, bq2/ve, bq/f, bq/g, bq/h
∣∣∣ q; q] = 0.
Taking b = qn+5/cdefg, h = q−n in Proposition 10 and then letting n → ∞, we
attain the following result under the substitutions e→ b and g → e.
Corollary 11. For ϑ = q3/bcd and max{ |q4/bcdef |, |q2/ef |} < 1, there holds the
transformation formula between a 5ψ5-series and a 8φ7-series:
5ψ5
[
b, c, d, e, f
q2/b, q2/c, q2/d, q2/e, q2/f
∣∣∣ q; q6
bcdef
]
+
1
q
[
q, q2/ef, ϑq/e, ϑq/f
q2/e, q2/f, ϑq/ef, ϑq
∣∣∣ q]
∞
× 8φ7
[
ϑ, q
√
ϑ,−q
√
ϑ, ϑb/q, ϑc/q, ϑd/q, e, f√
ϑ,−
√
ϑ, q2/b, q2/c, q2/d, ϑq/e, ϑq/f
∣∣∣ q; q2
ef
]
= 0.
When c = q2/d, Corollary 11 reduces to (7) under the replacements e → c and
f → d.
Setting c = q2/d in Proposition 10, we achieve the following result under the sub-
stitutions g → c and h→ d.
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Corollary 12. For q3 = bcdef , there holds the transformation formula between a
5ψ5-series and a 7φ6-series:
5ψ5
[
b, c, d, e, f
q2/b, q2/c, q2/d, q2/e, q2/f
∣∣∣ q; q3]
+
b
q2
[
q, b, c, d, e, f, bq/c, bq/d, bq/e, bq/f
b2, q2/b, q2/c, q2/d, q2/e, q2/f, bc/q, bd/q, be/q, bf/q
∣∣∣ q]
∞
× 7φ6
[
b2/q, b
√
q,−b√q, bc/q, bd/q, be/q, bf/q
b/
√
q,−b/√q, bq/c, bq/d, bq/e, bq/f
∣∣∣ q; q]
+
1
q
[
q, b/q, q2/cd, q2/ce, q2/cf, q2/de, q2/df, q2/ef
q2/c, q2/d, q2/e, q2/f, bc/q, bd/q, be/q, bf/q
∣∣∣ q]
∞
= 0.
When e = qn+3/bcd and f = q−n, Corollary 12 reduces to (9) exactly.
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